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A Comparison of Analysis and Experiment for Solid-
Propellant Combustion Instability

M. W. BECKSTEAD* AND F. E. C. CuLiCKf
Naval Weapons Center, China Lake, Calif.

Combustion instability data obtained with the same propellants utilizing a T-burner and
an L*-burner are presented and compared. Analyses for these burners are combined directly
with results of transient analyses of the combustion. The form of the combustion analyses
contains two parameters and by the proper combination of the various analyses, these two
parameters can be evaluated directly in terms of the experimental variables. The results indi-
cate the parameter values are not consistent nor necessarily realistic. It appears that the
theoretical models of transient combustion result in a general, qualitative agreement with ex-
perimental data, but that extensive revisions in these models will be necessary in order to ob-
tain quantitative agreement.

Nomenclature

a = average speed of sound
A = parameter in the response function, A = (1 — Ti/Ts) X

(ES/R0TS)
Ab = admittance function defined in Eq. (16)
B = parameter in the response function, Eq. (1) ,
c* = characteristic velocity, c* = pSt/(total mass flow)
Es = activation energy for surface pyrolysis
h = function defined by Eq. (14)
hifa = functions defined by Eqs. (8e), (8f)
k = wave number, k = (co — ia)/a
ki = wave number for classical acoustic mode, ki — lir/L
L = length of T-burner
L* = characteristic length, L* = V/St
m = mass flux (mass/time-area)
Mb = Mach number at the burning surface
n — index in linear burning rate law, r ~ pn

ns = index in surface pyrolysis law, m ~ pns exp(Es/RQTs)
p = pressure
r = linear burning rate
R = response function, R = Rr -f iRt
Ro = gas constant
(R = universal gas constant
Sb = area of burning surface
Sc = cross-section area of T-burner
St = area of nozzle throat
t = time
T = temperature
Ti = initial temperature of cold propellant
Ts , = surface temperature
u = speed of gas parallel to axis in T-burner
u = velocity
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co =

volume of L*-burner
axial coordinate in T-burner
growth constant for acoustic waves
growth constant, Eq. (23)
decay constant, Eq. (23)
thermal diffusivity
constants defined in Eqs. (8a), (8b)
constants defined in Eqs. (8c), (8d)
ratio of specific heats
Xr + i\i = complex function of fi, Eqs. (9a), (9b)
gas density
solid density
characteristic time for T-burner, Eq. (30)
characteristic time for L*-burner, Eq. (5)
angular frequency
dimensionless angular frequency, fi = a<co/r2

denotes mean value
denotes fluctuation

I. Introduction

IN recent years combustion instability of solid propellants
has been subjected to various studies, both experimental

and theoretical. The experimental programs have led to the
development of laboratory combustors in which unstable
combustion can be studied under well controlled conditions.
The most widely used and probably most versatile of these
devices is the T-burner. The L*-burner is another that has
been utilized to a considerable extent recently. The research
with these burners has led to experimental methods for the
determination of the response of the combustion to an incident
pressure perturbation. This same response is the end product
of the majority of the theoretical studies. It is the purpose of
the present study to compare theoretical predictions with the
experimental results from a T-burner and an L*-burner for the
same propellants.

It has been shown recently1 that virtually all of the existing
linear analyses of unstable solid propellant combustion re-
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duce to the same form of the response function, i.e.,

r'/f m'/m __ _
P'/P P'/P

nAB
X + A/\ - (1 + A) + AB (1)

where X = Xr + i\f is a complex function of frequency satisfy-
ing the equation X(X — 1) = ito. The nondimensional fre-
quency is 12 = ato}/f2; n is the burning rate exponent; and
A and B are parameters which will be discussed more in detail
later. This common result is a consequence of several basic
assumptions: 1) the assumption of a homogeneous solid
phase with constant thermal properties, 2) neglect of any
pressure dependence of surface reactions, 3) a quasi-static gas
phase restricting the analyses to the frequency range in which
the gas phase responds much faster than the solid, 4) the as-
sumption that a one-dimensional description is adequate, and
5) neglect of condensed phase reactions.

One of the parameters, A = (1 - Ti/Ts)Es/RTs, is char-
acteristic of the solid phase only1-2; Ti is the cold propellant
temperature, Ts is the mean surface temperature, and Es is
the surface activation energy. The other parameter B de-
pends principally on properties of the gas phase. The exact
definition of B varies from one analysis to another; see Ref. 1
for a summary of the various definitions of B. In order to in-
terpret experimental data involving unstable combustion, it
appears evident that the theoretical response function Eq. (1)
should be employed. In the event that this works, then one
would have a means of classifying propellants according to the
values of the parameters A and B. In order to relate A and
B to physical parameters of the propellant or motor, a specific
combustion model would have to be singled out and employed.

The experimental data being presented here were obtained
in an L*-burner and a T-burner. These two burners are
somewhat independent of each other in that the L*-burner
can only be used to obtain data at low, nonacoustic frequencies
and at low pressures. The T-burner is more versatile and
provides data over a wider range of frequencies (acoustic
mode) and pressures. A discussion and comparison of the two
burners can be found in a recent article,3 which also contains
pertinent references to earlier work. The pressure in the T-
burner is controlled by venting through a subsonic orifice to a
surge tank, and the frequency is determined by the length of
the burner. For the data included in the present study the
pressure was varied from 100 to 800 psi and the frequency
range was 500 to 7000 cps. The L*-burner contains a sonic
nozzle which determines the chamber pressure while the fre-
quency is determined in a complicated manner by the burner
L* and the burning rate of the propellant.

In each burner the pressure is recorded as a function of time,
permitting the measurement of the frequency and the growth
and decay constant. From these measurements the real part
of the response function can be calculated. This has been
done with the data from both burners for two propellants,
and the results are discussed and compared in Sec. III.

It was mentioned that the purpose of the present paper is to
compare these experimental results with the available theo-
retical predictions. Section II of this paper describes a com-
prehensive approach for accomplishing this. Briefly, the
complex response for each of the burners has been found,
using the propellant response function Eq. (1) as a boundary
condition. Each of the resulting equations is then separated
into real and imaginary parts. This procedure gives two
equations for each burner, which can then be solved inde-
pendently for the parameters A and B in terms of the measur-
able burner parameters. The typical procedure in the past
has been to calculate the real part of the response from data
and compare it with the real part of the theoretical response,
but with two independent parameters available for fitting the
data, a truly objective comparison has not been possible. By
taking into account the imaginary part of the response, the
extra degree-of-freedom has been eliminated, thus allowing a
critical comparison between experiment and the available

theories. It is the intent of the authors that by making this
more critical comparison, the weaknesses and flaws, whether
they be in the theoretical analysis or in the experimental
methods, will become more apparent, and the end result will
be a better understanding of the phenomenon of combustion
instability.

II. Analysis of the Burners for Interpretation of
Experimental Results

Since only the pressure is measured in the experiments, some
analysis is required to infer the response function. Various
approximations are necessary, and these must introduce some
errors. But it appears at the present time that such errors
are unlikely to be so great as to account for the substantial
qualitative discrepancies between the measurements and pre-
dictions as discussed in Sec. III.

The computations for the L*- and T-burners appear to be
different, principally because the T-burner oscillates in an
acoustic wave mode and the L*-burner does not. However,
in each case the propellant response function represents the
chief driving force and one eventually finds two equations
involving separately the real and imaginary parts of that func-
tion. For the simple two parameter formula of Eq. (1) those
two equations are sufficient to determine the quantities A and
B. The procedure, then, consists of analysis of the burners
followed by a graphical presentation which permits evaluation
of A and B directly from the burner measurements.

L*-Burner

In the L*-burner, the pressure oscillates in phase through-
out the chamber, varying in time but nearly uniform in space.
The basis of the calculation is the statement of conservation
of mass applied to the gases in the chamber4

(d/dt)(pV) = mSb - Stp/c* (2)

(See the Nomenclature for symbol definitions.) It will be
assumed that the thermodynamic state of the gases is uniform
in the chamber and that the burning is confined to a very thin
region. Using the equation of state for a perfect gas to elimi-
nate the density p, Eq. (2) becomes

^V_dp __ pV dT
^Tdi ~~ '(&T~2~di

S<p p dV~ - — —_ ^w _ P _ /o\
.* sr>m Jj. \ /

The usual process of linearization (p = p + p' etc.) is applied,
and one finds

c*L* d_ /V\ _
(R77 dt\p)

c*L* dT7' = m' p'
(R?2 ^ ~ m ~ p

Some assumption must be made so that the temperature
fluctuations can be related to pressure fluctuations. If the
oscillations are sufficiently slow, then the temperature will be
nearly uniform and T' « 0 (the isothermal limit). The other
extreme is isentropic behavior

T'/T » [(7 - l)/7] p'/p

In either case, the equation can be put in the form

Tc(d/dt)(p7p) = (m'/m) - p'/p (4)

where

_ ^*c* /I (isothermal) , ,
Tc = "6^ 1(1/7) (isentropic)

Values between these two limits are of course conceivable.
For example, there has been interest5-6 in the possible exis-
tence of entropy waves downstream of the flame zone during
unsteady combustion of a solid. If such waves are present,
the temperature fluctuation not only varies throughout the
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chamber, but is also not (locally) in phase with the pressure
fluctuations. This possibility will be ignored here; the ques-
tion is not yet resolved, but rough estimates indicate that the
associated corrections in the charts will be small. For har-
monic oscillations, p'/p ~ e^a)~'ia)t and a. > 0 for amplitudes
increasing in time. Then with R denned as in Eq. (1), Eq. (4)
becomes

R — 1 = (a + ia))rc

of which the real and imaginary parts are

Rr = 1 + CiTc

Ri = (JOTC

(6a)

(6b)
(6c)

With Eq. (1) used for R, it is merely a matter of manipulation
to rewrite these two equations in the form of linear equations
for A and AB

+ PiAB =

with the definitions

— Xr) + hi\i

— n)\r — hi\i

hi = COTC

= 1 + OL

(7a)
(7b)

(8a)

(8b)

(8c)

(8d)

(8e)

(8f)

If one accounts for the growth of sinusoidal waves (a ^ 0),
then the expressions for Xr and X» are

Xr = J (1 + [l/21/2]{ [16 122 + (1 - a*)2]1'2 + (1 -
a*)}

\i = [1/2(21/2)]{[16122 + (1 - a*)2]172 - (1 - a*)

(9a)

(9b)

where a* stands for the dimensionless quantity 4atot/f2.
At this point, the slow growth or decay rate of the waves is
properly accounted for everywhere in Eqs. (7a, 7b, 9a, and
9b). However, for a* < 0.25 (which is very much smaller
than 12 in the range of interest), numerical values of the re-
sponse function are less than 1% different from those for
a* = a = 0. Hence, a* can be set equal to zero in Xz and Xr.
On the other hand, arc in Eq. (6b) is not negligible (even
though a may be small) and this term must be retained.

LIMIT LINE FOR
INTRINSIC STABILITY
A< (I + B/(l- B)2]

Fig. 1 The L*-chart for determining the parameters A
and B; the regions labeled A-35 and A-13 indicate where

the data for those propellants lie.

Fig. 2 The L*-chart with the burning rate exponent as a
parameter; only the curves for A = 10 and B = 1 have

been plotted.

Equations (7a) and (7b) can be solved for A and B as func-
tions of 12, a and corc

(10)

(11)

The last equations are most conveniently presented as charts
for curves of constant A and B with coordinates corc and 12.
The attenuation constant, or rather the combination arc, is
treated as a parameter, but since the data will yield results
for arc = 0 (Sec. Ill), only that case is treated here. Figure 1
shows the L* chart for arc = 0 and n = 0.5. If the response
function and analysis of the burner are valid, then data from a
given propellant, but at different values of L*, should coincide
at a point in the I/* chart thus giving the values of A and B
for that propellant. There are two limit lines to be noted.
The first (on which A is infinitely large) separates regions of
positive and negative values of A. On physical grounds of
course, only positive values are acceptable. The position of
this line is dependent on both the assumptions used in the
analysis of the L*-burner and on the particular formula used
for the response function. The data for A-13 propellant
(discussed later) are in the range of values of (corc, 12) which re-
sults in A < 0, indicating an error in one of the analyses or in
the assumptions. Accepting the straightforward analysis of
the burner and the associated data, the response function
(Eq. 1) must be suspected of being an inadequate description
of the combustion.

Perhaps the simplest modification that might be considered
to improve the response function calculation involves pres-
sure-dependent surface reactions, for which R becomes7

R = [nAB + ns(\ - A/\ -
(A + 1) + AB] (12)

in which ns is the exponent of the pressure in a modified
Arrhenius law, m ~ pn* ^(—Es/RoTs). However, Eq. (12)
indicates that the limiting line (A -*• «) is virtually unaltered
from the simple case [Eq. (1)] and therefore the form of the
response function must be suspected of being inadequate.

The other limit line labeled "intrinsic stability" is the locus
of A and B for which the denominator of the response func-
tion, Eq. (1) or (12), vanishes. If the pair (A, B) lie to the
right, then the predicted transient response of the propellant
is unstable (see Ref . 1 and other works cited there) .

The analysis was also carried out for different values of the
burning rate exponent. The results are plotted in Fig. 2 as
representative curves for A = 10 and B = 1.0, each for n
equal to 0.3, 0.5 and 0.8. It is apparent that the entire
analysis is extremely sensitive to the value of the exponent.
In Sec. Ill it will be pointed out that the data were obtained
in a pressure range where n is essentially constant; otherwise,
interpretation of the L* chart would become more compli-
cated.



150 M. W. BECKSTEAD AND F. E, C. CULICK AIAA JOURNAL

T-Burner

The analysis for a !T-burner is really a special case of the
kind of calculation one must perform to study acoustic oscil-
lations in a full-scale rocket chamber. It has recently been
shown for two special cases8 and in general9 that the results
for the L*-burner can also be extracted as special cases of
acoustic calculations. Just as for the L*-burner, the main re-
sult is a complex equation, and both real and imaginary parts
should be used. Now, however, the equation is for the eigen-
values for the acoustic modes; the real part gives the attenua-
tion constant and the imaginary part gives the frequency. It
is often helpful to regard the problem as analogous to a
vibrating string with dissipative, movable supports at the
ends.

Following the treatment of Ref. 10 with the mean tem-
perature and pressure uniform in the chamber the equations
for one-dimensional velocity and pressure fluctuations are

du'/dt + (l/p)c)p'/d2 = — (u-Vu' + u'-Vu)«
dp'/d£ + ypdu'/dz = — (u-Vp' + Tp'V-u)

After differentiation of the first with respect to z and the
second with respect to t, these two equations can be combined
to give a single second-order equation for p'

+ k*p' = h (13)

where

.kT&dp' , fdu~\ _ d2
= l~\~~T+'VP-T\-Pj~*a \_a dz dzj dz2

and the assumption of harmonic oscillations has been made,
p' ~ exp(iakt), etc. For convenience in writing, k = (co —
ia)/a. Also, the mean flowfield has been taken to be strictly
one-dimensional, so u = M &a for 0 < z < L/2 and u = — Mbd
for L/2 < z < L.

Boundary conditions on p' are set in accord with the first
of the two original equations

dp'/dz = -/ = -ikapu' - p(d/dz)(uu') (15)

Now the admittance function is defined conventionally as

Ab = (yp/a) u'/p'

with u' positive in the direction away from the surface.
Hence, in Eq. (15) one should make the substitution for ap-
plication at the ends of the burner

±(a/yp)Abp' (16)

with the + sign used at z = 0 and the — sign at z = L, L
being the length of the burner.

In order to solve Eq. (13) subject to the boundary condition
based on Eq. (15), consider the unperturbed problem for a
closed chamber

for which

d2
Pl

f/dz2 + kfpi' = 0

dpt'/dz = 0 (z = 0,L)

pi' = cos(fe)

ki = lir/L

(17)
(18)

(19a)

(19b)

Now multiply Eq. (13) by (p'i), Eq. (17) by p', subtract, and
integrate over 0 < z < L to obtain

dz =

X

The second integral can be integrated by parts, and after use
of Eq. (15) one has

(20)

where

This is a perturbation calculation, and to find k2 to first order
in the Mach number Mb, it is adequate to substitute the
classical values for p' and u' everywhere in the right hand
side of Eq. (20). Thus, p' ^ pi' and u' ^ (i/paki)dpi'/dz.
After all the integrations are done, and proper account is
taken of the sign of u, the result is

= ki2 - (4iki/L)(Ab + Mb) (21)
This is the equation for the complex eigenvalue corresponding
to Eq. (6) for the L*-burner. Note that for p' = p,' =
cos kiz, Ei = L/2 when I ^ 0.

Since a/a? <K 1 for these lightly damped systems, Eq. (21)
can be split into real and imaginary parts

(coL/a)2 = (lw)2 + 4(coL/a)A6« (22)

a0L/a = 2[AbM + Mb] - adL/a (23)
In Eq. (23) ad > 0 represents the attenuation constant as-
sociated with dissipative effects other than the mean flow
and a.g > 0 represents the (measured) growth constant for the
growth of acoustic energy during burning. The influence of
the mean flow is entirely in the term 2Mb, except that the ef-
fect of a vent does not appear. The last result is a conse-
quence of assuming the vent to be at the center of the cham-
ber where pf « 0; in such a circumstance, neither can wave
energy (proportional to p'2) be carried away by the flow, nor
can work be done on or by the waves.

It has been assumed in the preceding calculation that the
speed of sound is uniform in the chamber. Owing to heat
losses, this is not true, and the necessary correction may be
large. An approximate means of including this refinement
may be found in Appendix A of Ref. 3 and Appendix B of
Ref. 11.

If the propellant does not fill the head end of the chamber
and has burning area ,$&, then Eqs. (22) and (23) are replaced
by

(coL/a)2 =

aJL/a = 20 -f- Mb] - adL/a

(24)

(25)

The definition of the admittance function gives a relation
between Ab and R, for since m = m + m' = (pu) + (pu)',
one has m'/m = p'/p + uf/u and

a p m
_ p7p\

p'/p)

Note that all properties and velocities are evaluated at the
(ill-defined) interface between the chamber and the region of
burning ; hence u/a is in fact Mb. If the waves are assumed to
be isentropic at this interface, then p'/p = 7 (p'/p) and

Ab = yMbR - Mb
The basic Eqs. (24) and (25) become

Rr = (Sc/Sb)(l/2yMb)(aL/a)

(26)

(27)

•)21 (28)

which should be compared with Eqs. (6b) and (6c) for the L*-
burner. For convenience, the definitions

a = oig + ad (29)
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L/a (30) .024

have been introduced. Note also that jMb =. pPra/p has
been used.

Equation (28) shows that the T-burner operates under
conditions when the frequency is not very different from the
classical value for a closed tube, since (con)2 differs from
(/7r)2 by a term of the order of Mb, a very small number.
Hence, as an approximation, one can write

(con)2 - (con - lir)(<*)Tb + ITT) = 2/7r(con - ITT)

and Eq. (28) becomes

Rt = (Sc/Sb - ITT) (31)

Obviously, Eqs. (27) and (28) lead to a chart in the same
way that Eqs. (6b) and (6c) did. The solutions for A and B
are Eqs. (10) and (11) but with

aL/a

(32)

(33)

The analysis of the ^T-burner has been covered here in de-
tail mainly because previous discussions have treated only
the real part of the eigenvalue, Eq. (27). In that case, one
would apparently have two parameters (A and B) and a single
equation. This, for example, is the basis for the comparison
of Eq. (12) with data for JPN given in Ref. 7. It is clear,
however, that such a procedure ignores the important feature
that the response function is complex—the phase as well as
the magnitude must be considered.

There is an interesting difference between these results for
the L*- and jP-burners. For the L*-burner, a dominant
quantity is corc, the ratio of the chamber characteristic time to
the period of the wave. The corresponding quantity for the
!T-burner, cf., Eqs. (8e) and (33), is the dimensionless combi-
nation of attenuation constants. The oscillation frequency in
an L*-burner is determined essentially by the real part of the
response; according to Eq. (6b) it is the frequency at which
the real part is 1 + arc. Then con is equal to the imaginary
part of R at that frequency.

On the other hand, the frequency of oscillation in a T-
burner is (ideally) very close to the value lira/L for a tube
with rigid ends. This can be seen from Eq. (28). The Mach
number Mb is of the order of 10 ~3 and for expected values of
Ri « 1-10 [e.g., if Eq. (1) is used] then con ~ ITT. Measured
values are generally lower than expected, probably because
the temperature, and hence the speed of sound, is lower than
that predicted on the basis of adiabatic burning. The at-
tenuation constant a is then determined by the real part ac-
cording to Eq. (27).

There are two ways of using these results for a double-
ended burner.11 The first and less widely used at the present
time is to vary the area ratio Sc/Sb and make measurements
only during burning. The observed values of agL/a are
plotted against Sb/Sc. According to Eqs. (27) and (29) the
slope is 2yMbRr == 2ppra Rr/p and the intercept is — adL/a.
A disadvantage is that several firings are required to obtain a
single value of the response. Moreover, the losses, represented
by ady probably change with &/&. The imaginary part
should be determined by plotting Sb/Sc against con, but the
uncertainties in averaging the measured frequencies are so
great as to render this step virtually useless at present.

The more common technique is based on measurement of
the pressure during burning and after burnout with Se = &,.
In this case the main difficulty is associated with determina-
tion of the correct value of a*, which represents the contribu-
tions to the net growth constant resulting from all causes
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Fig. 3 The T-burner chart for determining the param-
eters A and B; the data shown are for A-13 at the in-

dicated pressures.

other than the mean flow and the burning. Normally, ad is
identified with the decay constant after burnout, but some
care is required (see Sect. Ill) because the frequency after
burnout is different from that during burning.

For use with the second approach, a T-chart similar to the
L*-chart can be constructed in the same way. Now, however,
the appropriate coordinates are aL/a and 0, with con a
parameter. Figure 3 shows the results for A-13 propellant
with various values of A and B plotted. Similar results are
found for A-35 and JPN propellant but are not sufficiently
different to be included here. As in the L*-chart, then, both
the real and imaginary parts of the response function have
been taken into account. For a given propellant (fixed A and
B) the data should lie on vertical lines if the response function
and analysis of the !T-bumer are correct. There are serious
qualitative differences between the data and these calcula-
tions.

The unanticipated result that lines of constant A and B are
vertical (i.e., A and B are functions of & only when presented
in this way) can be clarified as follows. It has already been
noted that the jP-byrner oscillates at a frequency nearly equal
to L/a so con — TT at all times in the first mode. If one sets
con exactly equal to TT (i.e., hi = 0) in the formulas (6a) and
(6b), one finds easily A = QXr/X,- and B = (I - N)~l (X, -
l)/Xr where ~N- = 2nyMbaL/a « 1 because Mb is so small.
Hence, lines of constant A and B are essentially functions of
frequency only. If con ^ TT, the lines are affected only slightly
(in fact, by changes of order Mb). It must be emphasized that
this procedure indeed accounts for non-zero values of Ri;
the approximation con = ITT has been made only later in the
calculation. If R (and in particular Ri) should be a different .
function of A and £, or should contain additional parameters,
then the lines of constant A and B will not in general be
vertical in the («L/a,12) plane. This is an important conclu-
sion which will be referred to later.

III. Comparison of Response Functions

Two different propellant compositions were chosen to pro-
vide data for the study, A-13 and A-35. The A-13 propellant
contains 76% AP (mean particle size, 90ju) and 24% PBAN
binder with an epoxy curative. A-35 contains 75% AP
(same size distribution as that used in A-13) and 25% of an
Estane type of polyurethane binder. Both of these propel-
lants have been tested extensively at the Naval Weapons
Center (some of the T-burner data were obtained under the
direction of M. M. Ibiricu12) and A-13 has also been used as a
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A-35 Burner Determinations
A-13 Burner Determinations

1000

Fig. 4 Burning rate data for A-13 and A-35 propellants.

reference propellant by the ICRPG T-Burner Committee.11

A comparison of the burning rates of the two propellants is
presented in Fig. 4. A-13 has a uniform slope over a wide
range of pressures. ^-Burner data were obtained at 100,
400 and 800 psi while L*-burner data were obtained below 200
psi only. For A-35, which has a plateau in the burning rate,
!T-burner data were obtained at 200, 300, 400 and 800 psi, but
again, the L* data were obtained only at pressures below 200
psi.

Utilizing the analyses discussed the real part of the
response can be evaluated from the data obtained in the two
burners and correlated with the nondimensional frequency in
order to make a direct comparison with Eq. (1). In the case
of the L*-burner the calculation is almost trivial, see Eq.
(6b). The growth constant is measured directly from the
pressure-time trace as is the frequency, and the chamber time
constant can be evaluated from the burner L* and steady-
state gas properties. In calculating the nondimensional fre-
quency the burning rate was taken as that of strand data for a
given pressure.

The calculation of Rr for the T-burner is a well established
technique.11"13 From Eq. (27) and the approximate relation
/ = a/2L the familiar form for calculating Rr from the experi-
mental data is obtained, i.e.,

Rr = (p/4ppfa)(ag + ad/f) (34)

The density of the propellant is easily measured and the speed
of sound was calculated for each pressure from the theoretical
adiabatic flame temperature. The pressure was measured
directly and the burning rate was determined for each in-
dividual run from the pressure-time traces. The burning
rates that were determined in this manner were in good agree-

ment with the strand data. The decay constant in Eq.
(34) was determined from the pressure trace immediately
after burnout as the oscillations decayed. In evaluating
Eq. (34) the frequency occurring during the growth was used,
but the growth and decay constants were determined for each
individual run. They were not smoothed as has been done
by the other investigators.12'13 This introduces more scatter
in the calculated results, but hopefully is less subjective in the
data reduction.

Figure 5 is a plot of the real part of the response as a func-
tion of the nondimensional frequency for A-13 propellant.
The small dots represent the results from the L*-burner.
From previous experience14 we feel that the spread in the L*
data along the frequency coordinate is mainly due to the data
scatter and is not a trend. A theoretical curve, fitting the
data, would pass through the data at a nondimensional fre-
quency of a'bout 9 with the general slope of the existing theo-
retical curve. The T-burner results are represented by the
larger symbols, with the different symbols designating the dif-
ferent operating pressures. The solid line in the figure repre-
sents calculations based on Eq. (1) with the values of A and B
as noted. In comparing the curve with the data it would
appear to be impossible to fit both the high and the low fre-
quency data with single values of A and B. Also, a very
definite pressure effect is seen in the T-burner data. The T-
burner data seem to correlate quite well for a given pressure
level (as indicated by the dashed lines); however, according
to Eq. (1) there should not be any influence of the mean pres-
sure. This appears only in the nondimensional frequency.
If an attempt is made to explain these discrepancies the two
most obvious refinements that might be considered within
the framework of the models are to include pressure dependent
surface reactions, or to consider the parameters A and B as
functions of pressure.

By including pressure dependence of surface reactions, the
magnitude of the response is increased over the high fre-
quency range, but there is still one curve for all pressures.
Therefore, this is not an adequate explanation. So far as the
parameters A and B are concerned, it has been reported15

that the surface temperature varies with pressure. It is con-
tained in the parameter A in all models and is typically in the
B parameter also.2 However, a change in the surface tem-
perature of approximately 200° for the pressure range 100-
800 psi would give virtually no change in the magnitude of the
response at high frequencies. Mainly, the magnitude at the
peak of response is increased, but the rest of the curve is prac-
tically unchanged. Thus, the influence of mean pressure ob-
served for the A-13 propellant in Fig. 5 probably cannot be
adequately explained within the framework of the present

1000

Fig. 5 The real part of the response function vs the non-
dimensional frequency, a^/f2 for A-13 propellant: the
solid curve is calculated from Eq. (1) for the values
of A and B shown; the dashed curves represent the T-

burner data at the indicated pressures.

300

Fig. 6 The real part of the response function vs the non-
dimensional frequency for A-35 propellant; the curve
marked ns = 0 was calculated from Eq. (1) while the curves
labeled ns = 1.0 were calculated from Eq. (12) with the
term included for pressure dependent surface reactions.
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theoretical models by taking into account surface reactions or
variations of surface temperature with pressure.

Figure 6 is the corresponding plot for A-35 propellant;
the theoretical curves have been calculated using the param-
eters determined from the L*-chart (Fig. 1). It was pointed
out earlier (see Fig. 4) that the burning rate exponent changes
for this propellant from M3.49 at low pressure where the L*
data were obtained to ~0 above 200 psi where the T-burner
data were obtained. This change has been approximated in
the theoretical calculations by calculating curves for both
values of n. The upper curves of the figure were calculated
with n = 0.49 while the dashed curve is for n = 0 with ns =
1.0. From Eq. (1) it is obvious that for n = 0 with ns = 0
the response is zero also. At low frequencies the effect of sur-
face reactions is negligible. The curves for n = 0.49 are
identical in this region and pass through the L* data reason-
ably well. At higher frequencies where the T-burner data
were taken, the curve for n = 0 is more applicable than the
other curves and is seen to approximate the experimental data
more closely. Thus, there does seem to be rough agreement
between the theoretical analyses and the A-35 data if a first
order pressure dependent surface reaction is assumed and the
change in burning rate exponent is accounted for as indi-
cated. A possible alternative approach has been treated in
Ref. 16, in which it is shown that if condensed phase reactions
are included, then a nonzero response may also be found for a
plateau or mesa propellant.

Unlike the A-13 data, there is no influence of pressure ex-
hibited by the data taken for A-35 in a T-burner. This ap-
pears to be related to the fact that n = 0 for A-35 in the range
of pressures tested. It also appears that the observed corre-
lation between theory and experiment is related to surface
coupled reactions rather than to the purely gas phase reac-
tions. However, the surface-coupled reactions do not im-
prove the correlation of the A-13 data.

IV. Conclusions and Discussion
The approach that has been taken here is based on a combi-

nation of the analyses for the L*- and T-burners with the
analytical result for the response function representative of
one-dimensional models. The manner in which this com-
parison is made incorporates both the real and the imaginary
parts of the response of the burners as well as for the burning
surface. The imaginary part of the response provides an
extra degree of freedom which leads to explicit relationships
for A and B in terms of the measurable burner parameters.
These relations are conveniently represented as plots with
lines of constant A and constant B (see Figs. 1-3), and data
for two composite propellants have been used to determine the
constants. From the L*-chart one of the propellants (A-35)
gave reasonable results (A = 14, B = 0.8). For the other
propellant (A-13) a physically meaningless value of A was
found. From the T-burner charts the trends in the data show
qualitative disagreement with predictions. The results in-
dicate that the A and B parameters are dependent on fre-
quency, a meaningless conclusion.

The real part of the response calculated from the data as a
function of the nondimensional frequency has also been com-
pared directly with the analytical results using what appear
to be the most consistent values of A and B. The results for
A-13 are definitely not compatible with the analytical results,
particularly in the high frequency region. However, this was
to be expected from the results of the charts. The results for
A-35 appeared to be in agreement with theory, if a first order
pressure dependent surface reaction was assumed, and if the
change in burning rate exponent was accounted for. The
authors feel that the lack of correlation between experiment
data (particularly the A-13 data), burner analysis and theo-
retical analysis is due principally to an inadequate analysis of
the transient combustion, although errors in the other areas
cannot be ruled out completely.

There are several reasons for doubting the calculation of the
combustion analysis response function rather than the
analyses of the burners or the accuracy of the data. The ac-
quisition and reduction of the experimental data are relatively
straightforward, and although the data could well be in error
quantitatively, qualitative errors are probably not of the
magnitude being observed here. The analysis of the L*-
burner is very simple; it is not expected to be seriously inac-
curate, and yet when the burner and combustion analyses are
combined there are gross differences between the analyses and
data. This casts suspicion on the combustion analyses.
The T'-charts are also in poor agreement with the data; how-
ever, the T-burner analysis is somewhat more complicated
and might be too crude. In this case it is more difficult to
locate the possible sources of errors. The third method of
comparison was to compare the real part of the theoretical re-
sponse directly with the data. The agreement was poor,
particularly for the propellant with the uniform burning rate
exponent. Because the theoretical analysis is common to
each method and each method shows poor agreement, it ap-
pears that the theoretical analysis of the combustion most
probably contains the greatest inaccuracies. Also it does not
seem likely that discrepancies as large as those found can be
attributed to poor data or to the analyses of the burners.

The most likely sources of error in the models appear to be
in the assumptions of quasi-steady behavior in the gas phase
and a one-dimensional solid phase. Unreasonable values of
A have also been obtained from recent studies with the L*-
burner using bimodal propellants.17 These studies indicate
that the instability is somehow related to the particle size of
the oxidizer in the solid phase. This leads one to suspect the
assumption of a one-dimensional solid. The observed in-
fluence of pressure in the A-13 T-burner data seems to indi-
cate a flaw in the higher frequency portion of the analysis,
which of course is related to the quasi-steady assumption. A
recent calculation18 indicates that the first order effect of a
small deviation from quasistatic behavior appears in the
imaginary but not the real part of the response function.
Thus, results for the real part as a function of frequency are
unaffected, but the charts (Figs. 1 and 3) are changed. How-
ever, no numerical results have been obtained.

One concludes that the theoretical models of transient com-
bustion result in a general, qualitative agreement with the
experimental data from laboratory burners. However, in
view of the observed differences, it appears that there is ample
opportunity for more extensive calculations to improve the
major approximations used in the analyses presently avail-
able. In particular, the assumptions of quasi-static be-
havior of the gas phase, and the usual one-dimensional
treatment of the solid phase should be considered first.
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Gas Phase Reactions near the Solid-Gas Interface of a
Deflagrating Double-Base Propellant Strand

C. L. THOMPSON Jr.* AND N. P. Sunf
University of South Carolina, Columbia, S.C.

The abrupt changes in the burning rate-pressure curve of M-2 double base propellant at low
pressures were experimentally investigated and were found to be caused by the existence of a
series of gas reactions in the "fizz" zone very near the solid-gas interface. The distance be-
tween these gas reactions and the solid-gas interface decreases with increase in pressure. The
gas reaction zones are at temperatures higher than the surface temperature of the solid-gas in-
terface. Using a model that assumes that the gas reactions only affect the heat transfer
rate from the gas to the solid, the change in the burning rate of the propellant as a function
of the initial temperature of the propellant was predicted. The agreement between the pre-
dictions of the theoretical model and the experimental results is good.

Nomenclature
A = area
c = specific heat of the solid propellant
d — distance from the solid-gas interface to regime R
E = activation energy
F = frequency factor
H — heat released by the reactions in the solid per unit volume
k — thermal conductivity of the solid propellant
m = reaction order
P = pressure
Q — heat transfer
R = universal gas constant
Rf — radiant flux
t = time
T = temperature
U = velocity of propagation of a regime of gas reactions
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V =* velocity of solid propellant (burning rate)
Vg = velocity of gas
W = constant of proportionality
Y = fraction of reactants available to react
Z = distance
a — parameter defined in text
$ — radiation absorption coefficient
7 = dimensionless parameter defined in text
X = parameter defined in text
p = density of solid propellant
T = dimensionless time
T = parameter defined in the text

Subscripts
d — pressure coefficient
E = end
/ = flux
Q = gas
i = intercept
1 = for specified conditions
0 == initial
P = pressure
R — a regime
S = surface
T = total
v = volume


